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Double Laplace Formable Transform Method for
Solving PDEs

Rania Saadeh, Laith Hamdi, Ahmad Qazza

Abstract—This work introduces the double Laplace formable
transform (DLFT), a novel double transform. A number of
fundamental features and functions have been demonstrated
using the newly defined double transform definition. Further,
the existence, convolution, and derivative theorems of the
DLFT are given and proven. Afterward, a few families of
partial differential equations (PDEs) are solved using these
results. There are new methods for solving PDE families. The
latter solves the advection-diffusion equation, the Klein-Gordon
equation, the telegraph equation, and other well-known PDEs
precisely. According to the results, the DLFT is a useful and
effective strategy for dealing with this kind of issue.

Index Terms—Formable transform, Laplace transform, par-
tial differential equations, integral transform.

I. INTRODUCTION

NE of the most significant techniques used to solve

PDE:s is the use of integral transforms. Since PDEs may
be used to describe a wide range of scientific processes and
events, we can use integral transforms to alter these equations
and get the exact solution of PDEs [1], [2], [3], [4], [5], [6],
(71, [8].

Researchers and scientists have made great efforts to
develop these techniques, and they use them to address
contemporary scientific issues.

For instance, there are several transforms available: Fourier
transform [9], natural transform [10], Sumudu transform
[11], Elzaki transform [12], M-transform [13], Novel trans-
form [14], including the Laplace integral transform (LIT)
[15], polynomial transform [16], ARA transform [17], [18],
[19], [20] and formable transform [21].

In recent years, double transforms have been successfully
and widely utilized to solve different kinds of PDEs. In
comparison to numerical approaches, they produced strong
results [22], [23], [24], [25], [26]. Additional double trans-
form extensions, including the double ARA transform [27],
the double Sumudu transform [28], [29], double formable
transform [30], [31], the double ARA transform [32], [33],
the double Elzaki transform [34], and the Laplace-Sumudu
transform [35], [36], [37] were presented by researchers and
others.

The primary objective of this work is to provide a novel
double transform DLFT, which is a combination of Laplace
and Formable transforms. The new DLFT is a new transform
that has the advantages of two transforms. We discuss some
of essential properties of the DLFT and calculate them for
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certain basic functions. Several theorems related to DLFT are
explored and utilized to establish new results. Moreover, the
obtained results are tested by presenting formulas to solve
families of PDEs with some applications.

II. LAPLACE INTEGRAL TRANSFORM

The LIT is a mathematical concept that has applications
in a wide range of fields, from physics and engineering to
mathematics and statistics. It represents a powerful tool for
understanding complex systems and analyzing the behavior
of physical phenomena, and in this section, it is particularly
useful in solving differential equations. In this section, we
present the definition and some properties of the LIT; for
more details, see [23].

Definition 2.1: Let () (£) be a continuous function defined
on the interval [0, c0), then LIT of @ (£) is given by

Le[0(6) = @ (v) = / ) () de R > 0.

Definition 2.2: The single LIT of a function @ (£, w) with
respect to ¢ is given by

Le [0 (€ w)] = @ (v,w).

Now, we present some fundamental characteristics of LIT.
Let () (&) and ¢ (§) be a pair of continuous functions defined
on [0, 00) where the LIT exists. Then,
i Le [ab (§) + By ()] = ale [0 (§)]+BLe [ ()], where
a& peR.
ii. Le [I" ()] = vLe [0 (£)] — 0 (0).
iii. Le [¢2] = ot o 11> 0.

A. Laplace Transform of some basic functions

Le[1] = 1/v.

Lele) = -2

Leferd] = ——.

Le [sin (ag)] = —~—.

Le [sinh (a€)] = ———; )
L cos (a€)] = .

Le [cosh (ag)] = — - et

Lelen (&) = - 221
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III. FORMABLE INTEGRAL TRANSFORM

Formable transform is a mathematical concept that has
applications in a wide range of fields. In this section, we
present the definition and some characterestics of Formable
transform, for more details see [11].

Definition 3.1: Let () (w) be a continuous function defined

n [0,00), then Formable integral transform (FIT) of the
function () (w) of exponential order is defined as:

R [0 (w)] = ¢ (s,u) =

Res > 0 &Reu > 0.

Definition 3.2: The single FIT of a function 0 (§,w) of
two variables ¢ and w with respect to w is given by

Ro (06w [ eoeman

s>0& u>0.

:(E(E’S’u) =

Let () (&) and ¢ (§) be a pair of continuous functions defined
on [0, 00) where the FIT exists. Then
R [ad (w) + B¢ (w)] = aRey [0 (w)] + ARy [¢ (w)],
where o & 5 € R.
ii. Ry [0 (w)] = 26 (s,u) — £0(0).

i, Ry "] — 2l

A. Some element functions

i Roll] = 1.
i. Ry, [w] = ';—af(a+1)7 a > 0.
iii. Ry, [e] = =22 Ry, [sin (aw)] = 7524
iv. Ry, [sinh (aw)] = %05—.
V. Ry [cos (aw)] = sy
vi. Ry, [cosh (aw)] = Szszuz
vii, Ry, [wh ()] = 2 AR 4 g (5, u)
viii. R, [0 (w)] = 2¢ (s,u) — £0(0).

IV. DOUBLE LAPLACE-FORMABLE TRANSFORM

In this section, we present the new double transform DLFT
and some basic properties.

Definition 4.1: The double Laplace-Formable transform
of a continuous function () (§,w) of two variables & > 0
and w > 0 is given by

LeRy [0 (& w)] = @

’US’lL

// e VTN (€, w) dédw,

Re [v] > 0 & Relu] > 0,

provided the existence of the integral.
The DLFT is a linear operator, because

L{Rw [Oé@ (fa (JJ) +5v (57 w)]
= aLeR,, [0 (&, w)] + BLeR [ (§,w)],

where o & 5 € R.
The inverse DLFT is given by

LR [® (v,5,u)] = B (€, w)
1 c+ioo 1 pn+i00 6%
57 e dv 57 . D (v, s,u)du

c—100

A. DLFT to some basic functions
i. Let 0 (¢,w) =@, € >0, w> 0. Then

= sa/ / 7v57%dfdw
= a/ efvfdff/ e W dw = g,
0 U Jo v

Re (v) > 0.

LeRy |

ii. Let 0 (&,w) = &P, € >0, w > 0. Then

/ / E*wPe™ e dedw
[ e s

= Le [€*] R, [w]
['(a+1)d’T(B+1)
patl 56
T(a+D)I(B+1)u”
sP potl ’

LeR,, [€2W7]

where @ > —1 and 8 > —1 are constants.
iii. Let 0 (¢, w) = e*¢T5«. Then

LgR [ Oé£+ﬁw

af+5w e VET
ﬁu/ / w d€dw
:/ eo‘ge_vgdff/ ePe™ W dw
0 U Jo
s

" (w-a)(s—up)
v>0, 2>o0.
u
iv. Let 0 (¢,w) = sin(a + fw). Then
LeR,, fsin (a + )|
pilat+Bw) _ p—i(at+Buw)
)

~ LR, |

Now using linearity, we get

i(af+Bw) _ o—i(aé+pw)
e e
LeR.,
]
I —ilatAw)
il R e
I eiaf ? i
efmg B
—L§|: 5 ]Rw[e Bl

So, we get

s2a + suvf
2+ a?) 2+ 5

LeR,, [sin(aé + fw)] =

Using the facts

. i _o—i€ i€y —i€
sing = 57—, cosfz%,
. §_e—¢ £ ¢

sinh§ = &=, cosh{ = %

We conclude that,

s%v — suaf

Lng [COS (Oég + BW)] = (U2 + 0[2) (52 + ’LL252) .
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s%v + suaf3
(12 — a?) (s2 — u2B2)’
s?a + suvf3
(7= a?) (2 — u5)
v. Let O (§,w) =0 (§)1/) (w). Then
LR [0(§,w)] = LeRe [0 (§) ¥ ()]

/ | e 00w @ dsas
:(/0 e—”f®<£>df)
(2 o)

=L [0 (O] R [¢ (w)] -
vi. Let 0 (§,w) = Jo (oy/Ew).then,

LR [ (av/6w )|
S// *“5*%,]0 \/@)dgdw

L¢R,, [cosh (o€ + fw)] =

L¢R,, [sinh (o + fw)] =

U Jo
72/0 *wa/o ”5J0( \/gTu) e
-5 Ooe*STWeftfivwcl(,u
uv J
= Ro [Lg [Jo(oz gw)H
=R [ =

Here J, denotes the modified order zero Bessel func-
tion.

B. Existence conditions of DLFT

Let () (£,w) be a function that satisfies the following
condition. If there exists a positive constant M such that
V¢ > X and Yw > Y we have

10 (&, w)| < MesH0, @)
VYa > 0and 5> 0 as £ — oo and w — o0.
Hence, we say 0 (¢,w) = O (eo‘§+5‘*’) as £ — oo and
w%oo,v>aand§>[3.
Theorem 4.1: Let () (£,w) be a continuous function in
a region (0,X) and (0,Y) that satisfies the condition in
equation (4). Then DLFT of ) (§,w) exists for all v and

£ If Re[v] > o and Re [£] > B.
Proof: From the definition of DLFT, we have

i/” /ﬂ—vf—%@(g,w)ds dw’
/0 / e 1D (6, w)] dE doo

(v—a)& —(7—[3)0‘)
UA e~ d¢ ; e dw
B Ms
C (v—a)(s—uB)’

Re[v] > a and Re [£] > B. [ |

|P (v, s,u)| =

| /\

V. BASIC PROPERTIES OF DLFT

In this part of the study, we introduce and prove some
properties of the DLFT.

A. Shifting property

LR, [ (6] = 0 (v- 0, 220,

LeRy [0 (6, w)] =
Proof: From the definition of DLFT, we have
LeRy e [ Oé&ﬁwg) (f W)]

s
(s —up)
s—uﬂ U
// om0 (¢, w) ded

=) ( ‘“’S_uuﬂ)

B. Derivatives properties

Let @ (v,s,u) = L¢R, [0({,w)]. Then we have the
following properties

where,
(v, s,u).

(v—a)€—

1) 0 (¢ w)dédw

i. LeRy, dw(g 9| = 0® (v, s,u) — [Q) (0, w)] .
ii. LR, _% = 5@ (v,5,u) — $Le[0(€,0).
iii. LeRy, _%_ = v2<I>(v,s,u) — Ry, [0(0,w)]
e Relh W)
iv. LRy | P52 | = 52® (v,5,u) — 32 Le [0 (£,0)
AN
V. LRy | 2552 | = 228 (v,5,u) — 220 (¢,0)
) —2R, [0(0,w)] + 20(0,0).

Now, we introduce the proof of that i, iii and v. We get the
proof of ii and iv in a same way to i and iii, respectively.
Proof: of i. The definition of DLFT implies

LR, {89 S, } / / vi“awai’ )dédw
S

by integration by parts, we get

M w)] s [ s

<_(2) (0,0) +v /0 T was)

h 0 (0,w) dw

—S sw

— u

/ T[T et 0 g wpdeds
0 0

=v® (v,s,u) — Ry [0 (0,w)].
| |
Proof: of iii.
82 —v§ S a (Z)(f, )
wra | S = T
_ 2 _vga @ fa )
o) e [ e e
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by integration by parts, we get

POEw)] _ s [P e
7852 ]_U/o e dw

<—®§ (0,w) — vf (0,w) + v* /oo e U8 (f,w)d£>

0

LR, |

— e 0 (0,w) dw
u Jo

S e” v (0,w)dw
U Jo

2 e’} o]
SV sw
T / e TR0
u - Jo Jo

= 02® (v, 8,u) — VR, [0 (0,w)]

w)dédw

— R [0e (0,w)].
Proof: of v. The definition of DLFT implies

9%0 (€, W)]

0&0w
—vf—ﬂ 8 ®(€7 )

il L S

= e [T g

by integration by parts, we get

PO w)] s [T e
LERw[ o }_U/O e vede

(—@5(6,0)+S/Oooe 2 (;g )d)

- / €, (€,0) de ©)

e

= 2L [0 (€.0) + ;Lgnw [f"@gy] .

Using the fact in Equation (5) and Equation (6), we get

82

90 (&, w) <£’w)} =% (v,s,
u

00w
— %Rw [0(0,w)] +

LR, |

S dedw (5)

LeRy, [ u) — %‘P(&O)

S
EQ) (0,0).

|

Remark 5.1: Let ®(v, s,u) be the DLFT of the function

() (¢,w) then the DLFT of the n-th partial derivative with
respect to £ and w are

i. LeRy, [%] =0"P (v, s,u)

— RSy o R [0 (0,w)]
ii. LeRe, [a (D(Eﬁlw)} (u)nq)(v s,u)

T () e [0 6.0

C. DLFT of a periodic function

Theorem 5.1: If () (§,w) is a periodic function of periods
a and 8 such that @ (£ + a,w + 3) = 0 (£, w) for all £,w
and if DLFT of @) (¢,w). Then,

LeRo, [0(€,w)] = (1 - e*va*%)fl

(i [

Proof: From the definition DLFT, we have

/ / eTUE (€, w) déduw
_s / / TP (¢, w) dEdu
/ / e (€, w) dédw.

Let £ = a+p and w = 5+ ¢ on the second double integral,
we get

O(v,5,u) = LeRu [D(€, w)]

o e
0(p+a,q+ B)dpdg.

e
™

Using the function’s periodicity  (£,w), Equation (7) be-

comes
—va—38 S _ _ sa
+€ v uf/ / evp u@

u Jo 0

From the definition of DLFT, we get

LeRy, [0(¢

W) dédw

(B+q)

(v, s,u) ,w) dédw

(p,q) dpdg.

\w) dédw

/ / ®)

) (v, s,u) .
Equation (8) can be 51mp11ﬁed into

USU

sB

1
D (v,s,u) = (1 - e_m_T)

(Z / ’ / "2 6,) dgdw).

|
D. Convolution theorem of DLFT
Theorem 5.2: Let @ (v, s,u) = L¢Ry, [0 (§,w)]. Then,
Lng[@(f—é,w—e)w(ﬁ—d,w—e)] (9)

7567%@ (’U, S, u) )

=€

where v (£, w) is the Heaviside unit step function provided
by

1 £€>90, w>e,

0 Otherwise.

w<£_67w_6):{

Proof: The definition of DLFT implies
LR [D(§ = d,w—€)h (§ — b, — €]

/ / .

(D& —d0,w—e€)(§—d,w—€))dédw

_5/5 / eV (£ — 6,0 — €) dedw.

Letting £ — § = p and w — € = ¢ in Equation (10), we get
LeRu [0(€ — 6,0 — ) (€ — 8,0 — o)

W stet)
/ / (6+p)— 0 (p,q) dpdgq,

(10)
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above equation can be written as

LRy, [0 (E—d,w—e€) 9 (§—d,w—e)

=e 0" ( / / qu)dpdq)

_ se
=e VTN D (v, 5,u).

| |
Theorem 5.3: (Convolution theorem)
If LR, [0(6,w)] = @ (v,s,u) and LRy, ¢ (§w)] =
VU (v, s,u).Then,
LeRo [(0 % x¢) (€, w)] = (%) D (v, 5,u) VU (v,s,u),
where,
(0% *v) (& // 0(&—0,w— €)1 (5,€)dide.
Proof-
LeRy, [(0 % %) (
/’l/ _%‘7'0**wﬂf,>dam
(11)

o) e
( /05 /Ow D(E=dw—ev(be) déde) d¢duw.

By using the Heaviside unit step function, Equation(9) may
be expressed in writing as

LR [(0 % %) ( / / mvE—
s
V(€ —dw—e)(de) d5d6> dédw,
thus,
LeRo, [(0 5 5a)) (€ / / b (5, €) ddde

G

(E-0w—e) T (5—5,w—e)d£dw>
= /OO /Oow (0,€) ddde (e_”é_%<1> (v,s,u))
o Jo

zé(v,s,u)/ / ¥ (6,€) e V0T A de
o Jo

= E<I>(v,s,u)\Il(vﬂs,u).
s

Now, some results are presented in Table I below.

TABLE 1
DLFT OF SOME FUNCTION.

a,a €R <
wB
oy MlatDr(E+)
ad+pw S
y (v—a)(s—up)
. s s
sin (a + Sw) 2i(v—ai)(s—iuB) _ 2i(vtoi)(stifu)
cos (OCE + Bw) 2(v—ai)s(s—iu5) + 2(v+ai)5(s+i,8u)
sinh (Oéf + ﬁw) 2(v7a)s(sfuﬁ) - 2(’u+a)s(s+,8u)
cosh (aé + ﬁw) 2(11704;(5711,6) + 2('U+oz)s(s+ﬁu)
Jo (a 5(")) 4vsisa2u

e T (v,5,u)
2@ (v, 8,u) ¥ (v, 8,u)

0 ¥) (€ —6dw—e)
(0 % %) (& w)

VI. APPLICATIONS ON DLFT

This section contains two parts, in the first one, we present
a formula that solves a family of PDEs using DLFT. In the
second part, we employ the DLFT to resolve some examples.

A. DLFT for Solving PDEs

Let us take the following PDE,

PO(Ew) | g0 (Ew) 00 w)
A C
o Y Nl B (12)
90 (& w) _
+ D= B (S w) = u(§w),
with the initial conditions (ICs)
a0 (&,0
0e0=1©.285%_pe a3
and the boundary conditions (BCs)
00w =t @), 20D @), a9

where the source term is u (£, w), the constants are
A,B,C,D, and FE, and the unknown function is () (£, w).
Using DLFT on Equation (12) and simplifying the resul-
tant one is the fundamental principle behind this technique.
The single LIT is applied on the conditions in Equation (13)

Le [f2(§)] = F2 (v),

Le [f1 (O] = F1 (v), (15)

and the single FIT is applied on the conditions in Equation
(14)

Ryl (W) =Hi(s,u),  Ruhe (W) =Hz(s,u).
(16)
Applying DLFT on Equation (12), we have
0%0 (&, w) 0% (¢, w)
argr. |52 + o w255
90 (& w) M(Ew)| amn
+C L¢Ry, { o€ ] +D L¢R,, { O }
+E Lwa [@ ({, (.d)] = LERUJ [u (é.a OJ)} )
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the ICs (13) and the BCs (15) yield that

A ( V@ (v,5,u) — Ry [0 (0,w)] — R, {(W)S)SW)D

2 2
+ B (;@ (v, s,u) — %Lg [0(€,0)]

RPN LIy

u ow
+C (UCI) (1}, S,U) - RUJ [0 (O,W)D
+D (20 (v,5,0) - ZLe [0(€.0))
+FE ®(v,s,u) =U(v,s,u).
(18)

Substituting Equations (14) and (16) in (18) we get
2

Av?® (v,5,u) — AvH; (u) — AH; (u) + B%q) (v, 8,u)
- BfF (v) — B FR (v) + Cv® (v, s,u)
’LL2 1 w 2 39
— CH; (w)+ D& (v, s,u) — D2Fy (v)
u u

+ E® (v,s,u) =U (v,s,u).
19)

By simplifying Equation (19) we get
2
® (v,s,u) |[Av:+ B %—l—Cv—i—Di—i—E
U U

2
=Av Hy (s,u) + A Hy (s, u) +B%F1 (v)

+ BfFQ (v) + C Hy (s,u) + DZFl () + U (v, s,u),

(20)
after a few calculations, Equation (20) become
H A H A
G(v,s,u) = — (e, ) ( ;}2+c) t Hals ) (4)
Av2+ B2 +Cv+ D3I+ E
2

F B5 4+ 22) + F (v) (B2

L0) (B B2) + RO (B

Av?+ B2 +Cv+ D2+ E
U (v, s,u)
Av2+ B2 +Cv+ D2+ E
In order to find the original equation’s solution for Equa-

tion(20), apply the inverse DLFT to both sides of Equation
(21), yielding:

Hy (s,u) (Av+c¢) + Ha (s,u) (4)
Av?+ B2 + Cv+ DL+ E
Fi(0) (B +25) + B (v) (B5) + U (v, 5,0)
Av2+ B + Cv+ D2+ E

0(¢w) =L RS

_|_
(22)

B. Illustrative problems

DLFT is used to illustrate and resolve a few problems
in this section. By solving these instances and obtaining
the precise answers, the effectiveness and simplicity of the
suggested approach are shown.

Problem 6.1. Take the wave equation

90 (&,w)  0*D (& w)
w2  og2 7

€20, (23)

with the ICs
a0 (£,0)

0 (fa O) = sin¢, O =2, (24)
and the BCs
0(0,w) = 2w, 8@((905,@ = cosw. (25)
Solution 6.1. Firstly, we consider
f1(§) =sing, f2(§) =2, (26)
hi (W) = 2w, hg (w) = cosw. 27

Applying the single LIT on f; () and f> (§) in Equation
(26), to get
1 2

Fy(v) = i1 Py (v) =

v
Applying the single FIT on h; (w) and hs (w) in Equation
(27), to get

2u 52
Hy (s,u) = P Hy (s, u) = 21
Rewrite Equation (23) in the form
F(Ew) PDEw) _

0&2 Ow?
By comparing the general formula in Equation (21), we get
A=1,B=-1,C =D =FE =0 and U(v,s,u) = 0.
Substituting the values of the functions Fi, Fo, H1 and Hs
and above values in the general formula in Equation (21),
we obtain

2uv + s _ s _ 2s

s s24u? u?(v2+41) uv
¢ (U7 S, u) = 5 52
vtz

Now, simplifying and taking the DLFT inverse to both sides
of the above equation, we get

2u 52

0(&w) =L RS poels W2+ 1) (u 1 52)

= 2wsiné cosw.

Below, we sketch the 3D plot of the solution of wave
Equation (23) in Fig 1, with the ICs (24) and the BCs (25).

Fig. 1.

The solution of problem 2

Volume 32, Issue 3, March 2024, Pages 579-587



Engineering Letters

Problem 6.2. Take the heat equation

M (Ew) 0 w)

e ae? =30 (&, w)+3,£>0,w>0, (28)

with the IC
0(£,0) =1+sin&, (29)

and the BCs
0(0,w) =1, 8@(805’”) = e M, (30)

Solution 6.2. Now, we have

f1(§) =1+sing, (31
hi (w) = 2w, hs(w) = cosw. (32)

Applying the single LIT on f; (£) in Equation (31), we get
1 1
F =—4+ ——.
1 (V) v + v2+1
Applying the single FIT on h; (w) and hs (w) in Equation
(32), we get
s
s+4u’
Substituting the values of the functions Fj, H; and Hs in
the general formula in Equation (22), we get

Hl (s,u) = 17 H2 (S,U) =

1 s
:L71R—1 -
VEw) =Le Re™ |0+ Br D (st au)
=1+4+e *sin€.

Below, we sketch the 3D plot of the solution of heat Equation
(28) in Fig 2, with the IC (29) and the BCs (30).

Fig. 2. The solution of problem 2

Problem 6.3. Take the telegraph equation

PO w)  PD(Ew) | I (Ew)
262~ w2 ow Vw33
§>0, w>0,
with the ICs
B(€,0) = cf, T2 = =2k, (34)
and the BCs
0(0,w) =e 2, 8@(60§,w) =e %, (35)

Solution 6.3. Here, we have

fi(©) =¢* f2(8) = —2¢5, (36)
hl (W) w hg (w) (37)
Applying the single LIT on f1 €3 and f2(€) in Equation

(36), we get Fy (v) = Fy(s) =
Applying the single FIT on h1 (y) and hg( ) in Equation
(37), we get

S S
s+ 2u’ Ha (s,u) = s+2u’
Substituting the values of the functions Fi, Fs, Hy and Hs
in the general formula in Equation (22), to get

Yo = W)

Below, we sketch the 3D plot of the solution of telegraph
Equation (33) in Fig 3, with the ICs (34) and the BCs (35).

Hy (s,u) =

LglR‘zl _ 5—2w.

Fig. 3.

The solution of problem 3

Problem 6.4. Take the Klein-Gordon equation

ygy—mfw):y%y—cosg cosw, (38)
with the ICs
0(6,0)  cose, D éi 0 _,, (39)
and the BCs
0(0,w) = cosw, 8@(8()§,w) =0. (40)

Solution 6.4. Applying the single LIT on f; (§) and f3 (£)
in Equation (39), we get
v
F () = ——
1 (U) 02+ 1’
Applying the single FIT on h; (w) and hs (w) in Equation
(40), we get

FQ (”U) =0.

s2

52 +u?’
Substituting the values of the functions Fi, F5, H; and Ho
in the general formula in Equation (22), to get

0(6,w) = i

H, (s,u) = Hj (s,u) = 0.

vs

(v +1) (s?

= cos§ cosw.
+1) ¢

—1p-1
L7'R;
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Below, we sketch the 3D plot of the solution of Klein-Gordon
Equation (38) in Fig. 4, with the ICs (39) and the BCs (40).

Fig. 4. The solution of problem 4

Problem 6.5. Consider the Homogenous-Laplace equation

PO w) PO w)
D¢ + D02 =0, 41)
with the ICs
_ M (&,0)
@ (57 O) - Oa T = COs (5)7 (42)
and the BCs
0 (0,w) = sinh (w), NOw) _ 0. (43)

23

Solution 6.5. Applying the single LIT on f; (§) and f3 (£)
in Equation (42), we get

v
v2 41

Applying the single FIT on h; (w) and hg (w) in Equation
(43), we get

Su

Hy (s,u) = , Hy (s,u) = 0.

52 — 2

Substituting the values of the functions F}, F5, H; and Ho
in the general formula in Equation (22), to get

vSU
(v241) (s?

0 w) = LglR;1 = cos ¢ sinhw.

—u?)

Below, we sketch the 3D plot of the Homogenous-Laplace
Equation (41) in Fig. 5, with the ICs (42) and the BCs (43).

Fig. 5.

The solution of problem 5

VII. A FEW OBSERVATIONS REGARDING THE NEW
APPROACH

In this section of the essay, we provide some remarks
about the new transform DLFT, some advantages and dis-
advantages.

e The primary aim of this study is to propose an inno-
vative method for solving PDEs by converting them
into algebraic equations and subsequently use the newly
devised double transform technique to determine the
solution in a different domain. Subsequently, the inverse
transform is employed to derive the solutions of the
target equations in the original space. Furthermore,
solutions are provided for a specific category of IEs.

o It is difficult to solve PDEs when using the single
Laplace and Formable transformations. Hence, the new
DLFT aids researchers in resolving such problems.

« In contrast to other approaches, DLFT provides a rapid
convergence of the precise answer without requiring any
complicated calculation.

o The source terms for solving nonhomogeneous equa-
tions must meet the DLFIT existence requirements.

« This transform’s inability to be used directly to resolve
nonlinear PDEs is a drawback. It must be paired with
other popular iterative techniques, like the homotropy
approach and the differential transform method.

VIII. CONCLUSIONS

This study introduced the DLFT, which is a novel trans-
form technique that combines the LIT and the FIT. The
definition and the basic properties were presented and proved
in this research. To get solutions for some families of PDEs,
the basic features of the suggested double transform were
presented and discussed. Further discussions and applications
of the new DLFT results for solving fractional PDEs and
nonlinear fractional PDEs [39], [40], [41], [42], [43] are
planned to be obtained in future work.
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