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Abstract—On page 188 of his lost notebook, Ramanujan
introduced distinct classes of exquisite infinite series,
representing them in terms of Eisenstein series. The objective
of this paper is to develop various differential identities related
to Borwein’s cubic theta functions and h-functions. Also, we
present certain identities containing Eisenstein series of level 6
and h-functions that are used to establish relations involving
class one infinite series and A-functions. Additionally, we
present a straightforward approach to evaluate a discrete
convolution sum by employing relationships involving
Eisenstein series and h-functions.

Index Terms—Eisenstein series, Dedekind 7-function, Cubic
theta functions, Convolution Sum.

I. INTRODUCTION

Convolution can be employed in any scientific discipline
that necessitates the computation of mathematical
data through multiplication followed by accumulation.
Convolution is frequently used in the field of numerical
analysis and numerical linear algebra, and in the design
and implementation of finite impulse response filters in
signal processing. Convolution may also be applicable
in communication systems and forms the theoretical
basis of Digital Signal processing. For the determination
of convolution sums, mathematicians most frequently
use Ramanujan’s discriminant function, Gaussian hyper-
geometric series, quasimodular forms, Ramanujan-type
Eisenstein series and many more. In this article, we employ
Ramanujan-type Eisenstein series relations to evaluate a
convolution sum Y. 6(:)d(j). Differential equations

2i+35=1

performs a critical +r(§le in applied mathematics. They
are truly essential in the development of all clinical and
engineering disciplines, along with physics and chemistry.
In this direction, inspired by way of Ramanujan’s work, we
construct an ordinary differential equations with the aid of
derived Eisenstein series relations of level 6. Further, we
formulate certain.

Many research efforts have been devoted to ordinary
differential equations satisfied by modular forms. In his
notebook [2], Ramanujan devoted much attention to
Eisenstein series, most notably to P, (), and R and supplied
a few interesting differential identities consisting of infinite
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series and theta functions. The main interest of this paper
is to develop several differential identities that involve
Borwein’s cubic theta functions and an infinite product,
namely h-functions. A detailed study of h-functions and
numerous modular equations for h has been derived by
M. S. M. Naika et.al [10], [11]. In their work, S. Cooper
and D. Ye [6] provide a comprehensive study of the
h-function and showcased the application of this parameter
by mentioning several elegant formulas involving it. Also,
S. Cooper [7] has documented certain relations among
Eisenstein series and h-functions. Ramanujan[2] recorded
certain differential equations concerning 7-functions and
B. C. Berndt [4] extensively enlightened the importance of
developing differential equations that involve n-functions
and Eisenstein series. H. C. Vidya and B. Ashwath Rao, in
their work referenced as [5], developed elegant connections
between Eisenstein series and theta functions. These
connections were subsequently leveraged to derive and
evaluate specific convolution identities. Moreover, H. C.
Vidya and B. R. Srivatsa Kumar, as referenced in [13],
derived differential formulas incorporating identities related
to the n-function. They highlighted the significance of
formulating these formulas in the context of generating
incomplete integrals that feature 7-functions. Further, on
page 188 of his lost notebook [12], Ramanujan formulated
certain formulas relating the class one infinite series T%,(q),
r = 1,2,...,6 with the Eisenstein series P,Q and R. The
primary proof of six formulas for 75.(q) appeared in a
research document by B. C. Berndt and A. J. Yee [3].
Another proof of these formulas appeared in Liu’s paper
[9, p. 9-12].

II. PRELIMINARIES

Definition 2.1: For any complex r and s, Ramanujan [2,
p.35] documented a general theta function,

flr,s) = Z Fr(nt1)/2 n(n—1)/2
= (=7378) o0 (—5;78) 0 (153 78) o0,
where
(T§Q)oo = H(l - ’I’qn)7 |q| < 1.
n=0

The special case of theta functions defined by Ramanujan
[2, p.35] are given as follows:

o) =fla.0)= D 0 = (~46)%0% ),

n=—oo
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— Fad) =S " D)
v )= nz::oq O
f(=q) = f(—q, —QQ) = Z (_1)an(3n—1)/2
= (¢:9)s = a~*n(q), )

where 7)(q) is known as the Dedekind 7-function. We
denote f(—q") = fu.

Definition 2.2: [7] Let y = exp(2mi/3). The Borwein’s
cubic theta functions are defined as follows:

0o o
Z Z 32 +ik+k?
q )

j=—00 k=—o0
oo oo

j—k 5% +jk+k>
E E Yy g TR
Jj=—00 k=—c0

SN QUGG FEEDT,
j=—00 k=—o00
Definition 2.3: [7] For |q| < 1, the h-function defined by
L . (]_ _ q12a¢71)(1 _ q12w711)
h:=h(q) =q H (1 — ¢l2e=5)(1 — qi2e-7) .

r=1

oo

The weight two modular form y;5 in terms of h-function is
defined by

S

5q

d o0
Y12 qdq og E X12(5)1 —

where
1 if s=1 or 11 (mod 12),
X12(8) = ¢ —1 if s=5 or 7 (mod 12),

0 otherwise.

Definition 2.4: Ramanujan[12] documented the class one
infinite series,

Toilq) = 1+z R (G Vs Ui
z(3z+1)
(62 +1)%q 5 @
and expressed Toy(g) for k =1,2,...,6 in terms

of Ramnujan-type Eisenstein series:

¢ >
"_qj=1—24261(j>qﬂ, 3)

_1+24q—Zlog1—q) “4)
j 1
o s
Qlg) =1+ 240; g o 240263(1)% (5)
j= j=

R(q) :==

=1-504) 65(j)¢’
j=1

Throughout, we denote P(q") = P,.

Further, B. C. Berndt [3] established an interesting relation
T2(q) = (4:9)c P(q)- (6)

lemma 2.1: [7] The relation among an infinite series and
h-functions hold:

h(dyi2)

dh
(1-n?%) y
P(q) 6 2 3 —6 2 0 @+r7) 712
. 1—h?

3 - 5 2 2 —h?
P(q°) 2 -2 3 3 0 3 (1(_14;174_;)12)3/12
P(qG) 1 o 2 2 _1 1 (1—h2)

3 3 2 6 Toan Y2
(1—h2)

Tz h?) Y12

ITI. FORMATION OF DIFFERENTIAL IDENTITIES
INVOLVING CUBIC THETA FUNCTIONS AND h-FUNCTIONS

In succeeding Theorems 3.1-3.4, we formulate
differential equations in consequence of Eisenstein series
of level 6 that associates h-functions and the derivative of
weight two modular forms.

Theorem 3.1: If

b*(q)
S = 2a 2 —a = ,
(q) (¢7) — alg) ba?)
then the following differential identity holds:
(2ut4u®—12u*+16u—16) _
qdq +1 [ u(u—1)(u—4)(u?—-4) Y12 — 2%] S = 0,

where h+ + =u, —h + L = v and h&2 = .

Proof: We note from [7, pp. 189] that, S(g) may be
reformulated in terms of n-functions given by

s ¢*(=q) _ mine
( )* 3) 3,27
o(—=a*)  mm3
From equation 1, we have
I3 fe
S(q) = 5.
W= Fp

By utilizing Definition 2.1 and logarithmically differentiating
S(q) with respect to ¢, we arrive at

1dS 1 = rg" = rg?
—— =-|-6 6
S dq Zlfq’“—i_ glfq2

q r=1
0 3r > 67
rq rq
+6 —6 .

Using (4), we get
adS _ 1[
Sdqg 4

Incorporating Lemma 2.1 and simplifying, we obtain

P, — P, — P; + Fy). (N
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d 1—h2
PPy Pyt Py —op @2 (1207

dh (11 R

(—4—2h+8h>—38h°+56h* —38h°+8h° —2hn7 —4h®)
(1—h+h2)(1—4h+h2)(1—2h+h2)(1+2h+h2)

Further, denoting h + % =u, —h+ % =wv and
hdg}f = w and simplifying, we arrive at
Pr—P—-P3+ P
(2u* + u?® — 12u? 4 16u — 16) w
- e S 2
The claimed result follows by substituting (8) in (7).

Theorem 3.2: If

() = 29 +a(e®) _ 0°(¢%)
2 blq)

then the following differential identity holds:

Tu’—24 2+24 —16 w
[2&—1)(3—4)(52_4)) Y12 + } S =0,

qdq

[ SIS

where b+ + = u, —h+ § = v and hdg;f = w.

Proof: We note from [7, pp. 189] that

_ ¥ _ i
S(q) = 3y~ .3.2°
b(a®)  ms
Using the definition of theta functions, S(q) may be
reformulated as 6
f2fs

1

S(q) =

Employing Definition 2.1 and logarithmically
differentiating, we arrive at

o)

1dS 1 rq” > rq®"
- == —12
Sdq 321_ >

2
q r=1 qT r=1 q "

Sy ey

Using (4), we get
gds _1
Sdg 8

Incorporating Lemma 2.1 and simplifying, we obtain

[— P, 4+ 4P, + P3 — 4P;]. )

—Py + 4P + P; — 4P = 2h%2 Eth;ym

N (14h—48h2+90h> —128h*+90h° —48hR5+1417)
(I—h+h2)(1—4h+h2)(1—2h+h2)(1+2h+h2)

Further denoting h + + = u, —h + § = v and
hdy12 = w and then simplifying, we deduce
— P +4P, 4+ P; — 4F;
_ [(7u3 — 24u® + 24u — 16)
u(u—1)(u—4)(u? —4)
The claimed result follows immediately by using (10) in (9).

y12+“’} . (10)
v

Theorem 3.3: If

() = 19 +2a(¢®) _ *(q)

3  3c(¢?)’
then the following differential identity holds:

ds (5u*—18u® —18u*+88u—48) .
Uiy — 5 [ a1 Y2 + 2} 5=0,

where h+%:u, chr%:v and hdg;f = w.
Proof: We note from [7, pp. 189] that
_ 1213
g
Utilizing the definition of theta functions, we can reformulate

S(q) as

6

Now applying Definition 2.1 and logarithmically differenti-
ating, we arrive at

1dS 1 = rg" = rg*
S dg 52217 _2217

T 2r
r=1 q r=1 q

Using (4), we get
qds as 1
Sdqg 12

Incorporating Lemma 2.1 and simplifying, we obtain

— [P, + Py + 9P; — 9P]. (11)

—Pi+ P, + 9Py — 9P = 2042 E1+h2§y12*

(10—36h+4h>+68h> —108h* +68h°+4h% —36R7+10h%)
(I—=h+h2)(1—4h+h2)(1—2h+h2)(1+2h+h2) J

Further denoting h + , =u, —h+ % = v and
hd’“2 = w and subsequently simplifying, we deduce
— P+ P +9P;—9F;
_ 6o (5u* — 18u® — 18u? + 88u — 48)
B u(u—1)(u—4)(u? —4)

The claimed result follows immediately by using (12) in

(1n).

Y12 + ] (12)

|
Theorem 3.4: If
*(¢?)
6 B 3c(q)’
then the following differential identity holds:

(3u* —14u>+20u+32u—32)
u(u—1)(u—4)(u?—4)

qdq+ Y1z + 5| S =0,

where h+ 4 = u, —h + + = v and hdg}f = w.

Proof: We note from [7, pp. 189] that

V(g mie
S(q) =q ( ):q Tt
Y(q) UPUE!
Utilizing the definition of theta functions, we can reformulate

S(q) as

f1f6

S0 =45
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Employing Definition 2.1 and logarithmically differentiating,
we arrive at

1dS 1 1| r ad 2r
S’dq qul—qT ,»11_612,

+Zm

q
Using (4), we have

q dS 1
=— = —|[P1 — 4P, — 9P; + 36 ). 13
S dq 24[ 1 2 3 + 36.] (13)
Incorporatmg Lemma 2.1 and further denoting h + h = u,

—h+41 7 =vand hd”12 = w and further simplifying, we get

Py — 4P, —9P3 + 36F%
(But — 14u® + 20u? + 32u — 32)
u(u—1)(u—4)(u? —4)

= —3v

w
Y12 + } .
v
(14)
The claimed result follows by using (14) in (13).

IV. RELATIONS AMONG CLASS ONE INFINITE SERIES
AND h-FUNCTIONS

Inspired by the research conducted by B. C. Berndt
[3], we develop a representation for Eisenstein series by
leveraging classical class one infinite series. Moreover,
utilizing this expression, we derive intriguing equations that
establish connections between class one infinite series and
h-functions.

Theorem 4.1: For every n > 2, the subsequent relation-
ship among the two distinct series holds:

T5(q™ 1
P(g") =1+ ng"! [QSL‘] )1 1] . (5)
(4":1¢™) oo
Proof: First we prove the result for n = 2.
Replacing ¢ to ¢2 in (4), we obtain
d
P(¢%) =1+ 24q2d—qlog(q2; )
1 d
=1+424¢° 75— ("1 ¢))os
(4% 4%) oo dq( )
On simplifying, we arrive at
(%0 P(¢*) = (¢ ¢*)oo
5 d
24 -1 (3z—1) x(3z+1)
+240° |1+ Z ) {q" ) + ¢ }
= (%) + 24q
oo
Z [ 3z —1)g z(3z—1) +a(3z+1)g a:(3m+1):|
=1
= (0%6%) 00 — 20(¢% ¢%)0 + 2¢
£ 3 (=1)" [((6x — 1)* — 1)g"*~V
x=1
((62 4 1)% + 1)g"C=+1)]
= (0% 6% o0 + 24T2(¢%) — 24(¢°; ¢*) oo + 24.

Dividing throughout by (¢?;¢?)s and further rearranging
the terms, we deduce the result for n = 2. Similarly, the
proof of n > 2 follows by replacing g to ¢" in (4) and using
the series (2).
|
Theorem 4.2: The following series expansion among
class one infinite series and h-functions hold:

To(q) , To(@®) 2T . 5Te(d®)
;oo T PRy

1 2 (1LY (1oL
+2q(1 f2)+3q <1 fg) 6q (1 f6>

(2u*+u®—12u%+16u—16) w B
v [ w(u—1)(u—4)(u2-4) J12 = 2;} —-1=0,

i)

To(q)  To(@®) ., 2To(d*) 5 T2(¢°%)
S 5 f2 54 I3 2 fe

1 21 LY _ous(1_ L
+8q(1 f2>+3q <1 f3) 24 (1 f6>

i)

(Tu? — 24u? + 24u — 16) w|
+4U[u(u1)(u4)(u24)y12+v} 1=0,
m)Tz(Q) QqT2(q2) 274 Ta(q )+54 5 T2(q°)

i f2 f3 fe

1 5 1
+2q<1——>+27q (1—E)—54q (1—ﬁ>

(5u’ —18u° —18u>+88u—48) w B
o { u-D(a-Dwz—9 Y127+ ;} —1=0,

D@ B . 2B . 5Tl
ho STy, A Rl

b1 ) e (1o 1) e (1)

s [ Bty 2] 23— 0,

iv)

where h+%=u, —h—I—%:v and hdg% = w.

Proof: Replacing n = 2,3 and 6 in (15) and using (6),
we deduce equalities for P(¢™) in terms of T5(¢™). Further
substituting these in (8), (10), (12) and (14), we arrive at the
required result.

|

V. CONVOLUTION SUM

In this section, we present a straightforward approach for
computing a discrete convolution sum.

For k,n € N, we set
n) = de,

d/n

where d runs through the positive integers divisors of n. If
n ¢ N, we set dx(n) = 0. For 4,5 € N with ¢ < j, the

convolution sum
> s)s(m

il+jm=n

For all n, the convolution >  §(I)d(m) has been eval-
il+jm=n

uated explicitly for various values of ¢ an j, by A. Alaca,
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S. Alaca, K. S. Williams. For wonderful introduction one

can see [1], [14]. The representations of the convolution

sums Y. o(i)o(j)and > o(i)o(j) are found in the
[ j=n i+12j=n

article+b§5 E. X. W. Xia and+O.J X. M. Yao [15].

Central to our proof are the assertions made by J. W. L.

Glaisher [8],

P%(q) =1+ i(mogg(o —288l0(1))q".
=1

(16)
Theorem 5.1: For any [ € N, we have

N 1 1 5
22»_%;:[5(2)5(1) = ﬂ(ﬁ(l/?) + ﬁ51(1/3) + %53(1/2)

1 1 5 A(l)
— —16:1(1/2) — =101(1/3) + —105(1/3) — ——=
S101(1/2) = SU0(1/3) + 1-10s(1/3) — 2o
where
> 4 4B A8u® — 1 160)v]
ZA(l)ql: [(u u® + 48u 62u+ 60)v W2
—~ w(u—1)(u—4)(u? —4)
Proof: Incorporating Lemma 2.1, we note that
(1- 1%
2P, —3P3 = ——~
2 3 (1 +h2)*

(1—4h+52h%—1720%4+262h* —172h5+52h5 —4h" +h8)
(1—h+h2)(1—2h+h2)(1+2h+h2)(1—4h+h2) Y12

Denoting h + 71L =u, —h+ % = v and Squaring the above
relation, we deduce

oo
AP} + 9P —12P,Ps = Y A(l)d,

=1

where

e} 2
ZA(l)ql _ [(u4 — 4u® + 48u? — 160u + 160)1}} 5
=1

w(u — 1) (u — 4)(u2 — 4) Yiz:

Employing(16) and the definition of Eisenstein series and
subsequently comparing the coefficient of ¢! on either sides,
we arrive at the desired result. ]
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