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General Degree Product Energy of Graphs

SANGAM MADABHAVI, K ARATHI BHAT*, and SHAHISTHA HANIF

Abstract—Let G be a simple connected graph with n vertices
and m edges. In this article, we introduce the concept of the
general degree product matrix and the general degree product
energy of a graph G and obtain the bounds for the general
degree product eigenvalues and general degree product energy
of any connected graph G. Further, we obtain the general degree
product energy of a new family of graphs from an existing base
graph, such as the duplication graph, R-graph, and middle
graph.

Index Terms—Degree product matrix, duplication graph, R-
graph, middle graph.

I. INTRODUCTION

RAPHS considered here are simple, finite, undirected,
G and connected with the vertex set Vg = V(G) and edge
set Eg = E(G). Motivated by work on the degree product
energy of graphs [12], we define the general degree product
matrix of G denoted by D, (G) as the square matrix of order
n whose (i, )" entry is given by

(did))™; i i# ]
0; otherwise,

Da(g>ij = {

for any real number a.

For a graph G, the general degree product characteristic
polynomial of G is f(D,(G),x) = det(xI, — Dn(G)) and
its zeros are the general degree product eigenvalues of G.
D.E(G) represents the general degree product energy, which
is the sum of every eigenvalue of the general degree product
matrix’s absolute values.

The first Zagreb energy of graphs of various graph prod-
ucts are discussed in article [9]]. The results on the spectral
properties and the determinant of the ISI matrix are derived
in [7]. Atom bond connectivity index for graph with self-
loops and its application are discussed in [|14].

The Laplacian and signless Laplacian adjacency spectra
of the R-edge neighborhood corona, the R-vertex neighbor-
hood corona, R-edge corona, and R-vertex corona for an
arbitrary graph A and a regular graph G are discussed in
2015 [88], according to G and H’s corresponding spectra (as
well as some other quantities). The duplication edge corona,
duplication neighborhood corona, and duplication corona of
two graphs have been demonstrated, and their adjacency
spectrum was examined by Adiga et al. [1]] in 2018.
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Let A be the block-form description of the matrix of order
n.
N Ny
A= | :
Ni Nu /), ..
where for any 1 <4,j <! and n = nj +---+ny, the blocks
N;; are n; X n; matrices. A square matrix A has an equitable
partition D if each diagonal block has square order and each
block of the partitioned matrix has constant row sums. An
equitable partition is represented by a quotient matrix B
of a square matrix A, a matrix with constant row sums of
the corresponding blocks of A as its entries. The theory of
graph spectra depends on equitable partitions because of the
following result.

Theorem L.1. /5] Let A be a real symmetric matrix and B
is its quotient matrix, then the characteristic polynomial of
A is divided by the characteristic polynomial of B.

The rest of the paper is organized as follows: In Section I
a few preliminary results on the bounds for the eigenvalues
and energy of the general degree product matrix are dis-
cussed. Further, the expression for the general degree product
energy of a k-regular graph, path, and complete bipartite
graphs are obtained in the same section. The results on the
general degree product energy of a new family of graphs,
which are obtained by taking the base graph as the R-graph,
duplication graph, and middle graph, are presented in Section

il

II. PRELIMINARY RESULTS

In this section, we first obtain the expression for the
general degree product energy of a few standard graphs.
Further, we obtain some results related to the eigenvalues
and energy of the general degree product matrix.

Theorem IL1. Let G be a k-regular graph of order n. Then
D.E(G) = 2k**(n — 1).

Proof: As Do (G) = k**A(K,,), the result follows by
noting that

Spec(Da(G)) = <;’f‘; km(q - 1)) .

Theorem IL.2. Suppose that P, is a path graph on n
vertices. Then

Do&(P,) = 14+4%(n—3)4+/42FT1(n — 1) + (1 + 4%(n — 3))2.
Proof: Observe that D, (P,) can be expressed as,

[ A(K>) 2%J2 2
Da(Pn) n (2aJ71,—2,2 4QA(K7L—2) '
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By performing row operations on det(xI, — D,(P,)) and
solving quotient matrix of D, (P,), we get

)= (7 2% ¢ )

14+4% (n—3)£4/40F1 (n—1)+(1+4° (n—3))?
5 .

Spec(

where ((1,(2) =

Theorem I1.3. Suppose that K, ,, is a complete bipartite
graph on n vertices. Then

Da&(Kny,ny)
+1/4(nan2)2(ny +na — 1) + ((n2 — Dnd + (ny — 1)nd*)2.

= (n2 = Hni® + (n1 — 1)n3"

Proof: The general degree product matrix of K, is

expressed as,
2a
_ TL2 A(K'nl)
Da(Knl,n?) N ((nan)aan,Th n%aA(an)

By performing row operations on det(xI, — Dy (K, ny))
and solving quotient matrix of Dy (K, n,), We get

Spec(Da(Kna) = ( 7).

where (G1,¢) = 3((n2 — )ni* + (n1 — Hn3®
+/4(n1n2)2* (n1 + n2 — 1) + ((n2 — Dnd* + (n1 — 1)n3*)?).
n

The following lemma is one of the basic properties of gen-
eral degree product eigenvalues. We omit the proof because
it is straightforward.

1,12

(nan)aJnl,ng) .

2a 2a
—nj -n1* QG

n1—1 n2—1 1

Lemma IL.1. Suppose (; > (2 > --- > (, are the general
degree product eigenvalues of graph G with n vertices. Then
n

(i) ZQ:O
(ii) Z ¢Z = 2N, where N' =Y (d;d;)**

i<j
Lemma IL2  (Cauchy-Schwartz inequality). If
(a1, 9,...,a¢) and (B1,P2,...,58:) are real t-vectors
then,

) < () (59)

In all the results discussed below, N = Z (d;dj)*>. Using

the Cauchy-Schwarz inequality, the bound for the largest
general degree product eigenvalue is given in the following
theorem.

Theorem I1.4. Let G be any graph with n vertices. Then

G < W

Proof. Choosing a; = 1, 8; = (; fori =2,3,...,n, in
the Lemma [[1.2] we get

n 2 n
(ZQ) < (ﬂfl)ZCiz-

From Lemma we know > ¢ = —( and Y (? =
i=2 i=2

—(Z +2N.
Then Eq. (T) becomes

(D

(—G)? < (n—1)2N - (D)
o <21

A few further bounds for the general degree product energy
of graphs are discussed below.

Theorem IL.5. Let G be any graph with n vertices. Then

V2N < D,E(G) < V2nN.
Proof: Replacing a; = 1 and ; = |(;| in the Lemma

I1.2] we get

(DaE(G))? < 20N
Du(G) < V2N

Now, (Da£(0))? = (Z|<Z|)Qz7§|<z|2 N,

D,E(G) > V2N.

Theorem I1.6. Let G be any graph with n vertices, and /A be
the absolute value of the determinant of the general degree
product matrix Dy (G). Then,

V2N 4 n(n - 1)A% < DEG) < V2N

Proof: Let

(Da Z@ = 2N+ 161G

i#£]

Since the geometric mean is smaller than the arithmetic mean
for non-negative numbers,

2

11.(7L1 i)
(H |Cz||§7

1
- AN >
TL(TL _ 1) Z ‘C1HC7| =
i#] i#]
“ 2
= H| Gln
i=1
— A2 3)
Consider,
= Z Z Gl = 161)?
=4 N— 2(Da&(9))?
Since 1" > 0,
4nN —2(D,E(G))* > 0.
Hence,
D.E(G) < V2N, 4)
Combining Equations (), (3), and (), we obtain the lower
and upper bounds. ]

A few results that are useful for proving further results on
the bounds of the general degree product energy are given
below.

Theorem IL.7. [[/1] Suppose oy, and By, 1 < k < t are

non-negative real numbers. Then

t t 1 0,0 2 /4 2
2 2 1 12

s ne )\

k=1

P, P,
Q1Q2
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where P) = max (ar); Po = max (Bk); @1 = min (ay)

<k<t 1<k<t 1<k<t
and (Q = min (Fg).
? 1<k<t( 2

Theorem II.8. [10] Let o, and B, 1 < k < t are positive
real numbers. Then

t 2 2
- (Z Oékﬂk) < %(P1P2 — Q1Q2)?
k=1

where 1= g (on)i P = g () @u = g (o)

d Q2 = .
and Q2 1?;%(%)

Theorem IL1.9. [2|] Let oy and By, 1 < k < t are non-
negative real numbers. Then

tzakﬁk_zakZﬂk
k=1 k=1

where P, Q, R and S are real constants, that for each k,
1<k<t P< a, <Qand R< By <S. Further,

xt) =t[5] (1= 1[3])

Theorem I1.10. [4|] Let oy, and By, 1 < k < t be non-
negative real numbers. Then

t t
> b +KLZak (K + L) (Zak5k>,
k=1 k=1 k=1

where K and L are real constants, so that for each k, 1 <
k <t holds Koy, < B < Lag.

<X Q—P)(S—R).

Theorem I1.11. For any graph G with n vertices. Then

2

,Dag(g) Z \/271 - %(Cl - szn)2

where Cl = Cmaa: = féllagxn |<’L| and Cmin = 1I§n71£n |Cz|

Proof: For D, (G), let (1,(s, ..., (, be its eigenvalues.

According to Theorem we assume that «; = 1 and
Bi = |¢;l, this implies
n n n 2
2 2 n’ 2
DGl =D 1Gl) < Z((l — Gmin)
i=1 =1 i=1
o _ 2
277/./\/_ (Dag(g)) S Z(Cl - szn)
n2
Dag(g) Z 2n, - Z(Cl - Cmin)Q-
|

Theorem IL.12. If D, (G) does not have zero as an eigen-
value, then

2 Vv ZRNV Cl Cm,in

Dag(g) Z Cl + szn

where (1 = = max |(;| and (in = min |G,
Cl Cmam 1<i<n |C7,| szn 1<i<n |C1|

Proof: Let D,(G) have eigenvalues (1, (s, ..., (y. As-
suming «; = |¢;| and B; = 1, we can infer from Theorem

L7

IISIME i(ﬁj F) (Z'CO

<1 + C'mm

> 2 \Y% Cl(mzn \% 2nN
a Cl + C’rnin .

Theorem 11.13. Let G be a graph of order n and (1 > (s
- > (, be the eigenvalues of Dy (G). Then

Y

DEG) > ————F——
( ) Cl + Cmin
where (1 = Cnaz = 1I£1aX |¢i| and Coin = 1r<r11£1 il

Proof: Suppose f; = |G, u; = 1, L = |G,
|Cmin |- Theorem [[L.10] yields:
CI + C’mzn Z |Cz

Z |Cz‘2 + ClC’mzn Z 12
i=1

2N+ nClszn = (Cl + szn)Dag(G)
Cl + Cmm '

A

Du&(G) 2

Theorem 11.14. Let G be a graph of order n and (1 > (5
- > (p be the eigenvalues of Dy (G). Then

> \/QTLN— ( )(Cl szn) )
where (1 = Cnaz = max |€i] and Cmin = 1r<n‘i£1 |¢i| and

x(n)=n[5](1-[5])
Proof: Assuming a; = |¢;| = B, @ < |G| < S, and
P <|¢n] € R, we obtain the following using Theorem (IL9):

nz |<i‘2 - (Z |<1 ) < X )(Cl szn)

2nN — (Do ( )) |§X( )( Cmm)
) > n)(G

v

D.E(G)

- Cmin ) 2 .

III. GRAPH OPERATIONS

In this section, we obtain the general degree product
energy of a new family of graphs from an existing base graph
such as duplication graph, R-graph and middle graph.

A. Duplication graph

Definition IIL.1. [13] The duplication graph D,(G) is a
bipartite graph with vertex partition sets Vg = {v1,...,v,}
and Ug = {u1,...,u,}, where v;u; is an edge if and only
if v;v; is an edge in G.

Definition IIL2. [1]] The duplication corona G; & Go of two
graphs G; and G is the graph obtained by taking one copy
of D,(G1) and |Vg,| copies of Gy, and then joining vertex
v; of D, (G1) to every vertex in the ith copy of Gs.
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Definition III.3. [1] The duplication neighborhood corona
G1 X G5 of two graphs Gy and G, is the graph obtained by
taking one copy of D, (G1) and |V, | copies of G2 and then
joining the neighbors of the vertex v; of D,(G;1) to every
vertex in the ith copy of Gs.

Definition II1.4. [1]] The duplication edge corona G; H Go
of two graphs G; and Gs is the graph obtained by taking one
copy of D,(G1) and |Eg,| copies of Go and then joining a
pair of vertices v; and v; of D,(G1) to every vertex in the
kth copy of Go whenever v;v; = e, € Eg,.

Theorem III.1. Suppose that k-regular graph G has order
n. Then
DoE(Dy(G)) = 2(2n — 1)k,

Proof: As D, (D, (G)) = k**A(K>,,), the result follows
by noting that , ,

(kK (2n-1) -k
Spec(Da(Du(G))) = < 1 (2n — 1)) : u
Theorem I11.2. Suppose G1 and G be ki, ka-regular graphs
with ni,ny vertices. Then D,E(G1 ® Go) = Zle |G| +
(nlng — 1)(/€2 + 1)2a + (7’L1 — 1) (k%a + (kl + ng)Qa) s
where (1, (a2, (3 are the roots of the polynomial of x> — ((ka+
1)2%(ning — 1)+ (k3% + (k1 +n2)?*) (n1 — 1)) 22 — ((n1na +

(

ny — 1) (k3 + (k1 +n2)2) (ko + 1)2 + (20, — 1) (k1 (k1 +
n2))2a)x — (n1n2 + 2n1 — 1)(k1(]{)1 —+ n2)(k2 + 1))2a —0.

Proof: The general degree product matrix of duplication
corona of two graphs G; and Gs be expressed as a block
matrix as follows:

Duo(G1 @ G2) =

kY (ko+1) k1+ @
(ko D2 AKnn) G Gt )
R (k2 ) Ty myny k2 A(Kn,) kS (k1 + n2)®Jn,
(kg 4m2) K (k1412)% Ty (k1 + 12)2 A(Kn,y )

(k2+1)aJn1,n1712)

The following is an expression for D, (G; @ G2)’s character-
istic polynomial:

f(Da(gl SV gQ)a CC) =

(@Inyng — (k2+1)%* —((k14n2)® (kg +1)*

—k§ (k2 4+1)% T ng.ny

A]gf'r;clngl))a ning,ny
TR el —RAK,)  —k§ (k1 £ n2)%
—((k14mn2) (kg +1)* (2In, —(k14n2)?*

— & «@
ny,ming kl (kl + n?) Jnl

A(Kny))

By performing, R; — R, — Ryn R} — R; —
Rn1n2+n1;Rl — Rl - Rn1n2+2n1a where 1 <@ < (n1n2 -
);(ning +1) < j < (nng +np — 1); (ming +n1 + 1) <
I < (ning 4+ 2ny — 1) we get,

f(Da(G1©G2),2) =
(:L‘+ (k‘Q + 1)2(1)7L17L271(m + k%a)nlfl(aj + (kl +n2)2a)n171‘M‘7

where |M]| is the remaining quantity of the f(Da(G1 @ G2),x) after
taking out common factors. Now we get all the eigenvalues except 3
of the matrix, and the remaining 3 eigenvalues are obtained from the
quotient matrix of Do (G1 @ G2). Therefore, Q(Da (g1a® G2)) =
(k2+1)2%(n1na—1) k?(kz +1)*ng (<k<:<1;1r)’%‘27)11)
k? (kz —+ 1)a21n2 k%a (nl — 1) k? (kl + ng)o‘nl
(k(z(ill;;’nrfl)ng) kS (k1 +n2)%ny (k1 + n2)2%(ny — 1)
The characteristic equation of the matrix Q(Da(G1 @ G2)) is expressed
as 23 — ((k2 + 1)2%(ning — 1) + (k3% + (k1 + n2)%%)(n1 — 1))22 —
((nin2+n1 — 1)(k%o‘ + (k1 +n2)%%) (k2 +1)2* + (2n1 — l)k%a (k1 +
n2)2o‘)x — (ning 4+ 2n1 — l)k%o‘(/ﬂl + n2)2a(k‘2 + 1)20‘ =0.
By Theorem we conclude that the remaining 3 eigenvalues (1, (2, (3
are the roots of the above characteristic equation of the quotient matrix.
Hence, the result follows by noting that

Spec(Da(G1 & G2)) =
(i i

ning — 1 ny—1 ny—1 1 1 1

—(k1+mn2)?* G G 43)' -

Theorem IIL.3. Suppose Gi and G, be k1, ko-regular graphs
with ny, ny vertices. Then D,E(G1XGy) = Z?Zl |Cil+ (k1 +
kg)za(nlng — 1) + k:%o‘(nl — 1) (1 + (’/7,2 + 1)2a) s

where (1, (2, (3 are the roots of the polynomial of x3 — (k1 +
k2)?*(nang —1)+(1+ (n2+1)*)k3% (n1 — 1))z — ((nina +
ny — 1)(1 + (712 + 1)2a)k%a(1€1 + k2)2a + (27L1 — l)k‘f“(ng +
1)2a)l‘ — (’l’Llng + 2nq — 1)](541101(/{1 + k2)2a(n2 + 1)2a =0.

Proof: The general degree product matrix of duplication
neighborhood corona of two graphs G; and G- be expressed
as a block matrix as follows:

Da(gl X g2) -

2 (kT (k1+k2)® (kT (k1+k2)®
(kl + k2) aA(Knlnz) (7L2+11)a=]77,1n2,n1> Jlnlrjz,nl)
kY (k1+ka)™
(o2 a1 Ay K3 (ng + 1),
kg (k1 + kQ)&Jnlynlnz k%& (n2 + 1)aJn1 k%aA(KnJ

By performing row operations on det(xl, n,+on, —

D.(G1 X Go)) and solving quotient matrix of
Do(G1 W Gy), we get Spec(Do(G1 X Go)) =
—(k1 + k2)**  —k{*(n2 +1)** =k G G G

ning — 1 ny —1 nn—1 1 1 1)’

where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. -

Theorem I11.4. Suppose G1 and G5 be k1, ko-regular graphs
with ny, ng vertices. Then D, E(G1HGs) = Zle |Ci]+ (k2+
2)**(namy — 1) + (n1 — (K™ + (k1 + kin2)*®),

where (1, (a2, (3 are the roots of the polynomial of x> — ((ka+
2)**(namy — 1) + (k3 + (k1 + k1n2)**)(ng — 1))2® —
((n2m1 +n1 — 1)([€%a + (k’1 + k1n2)2°‘)(k2 + 2)20‘ + (2711 —
1)5%‘1(77,2 + 1)2&)1. — (n2m1 + 2711 — 1)]€%a(k2 + 2)20‘(712 +
1)« =0.

Proof: The general degree product matrix of duplication
edge corona of two graphs G; and G, be expressed as a block
matrix as follows:

Do(G18BG2) =

kS (ko +2) e kS (ko +2)
<k2+2)2aA(Kn2m1) ( ! (]2,,;:.,,,)1 (7,7,112-’_ ) (J;;mi-tq)
(kY <73271+1?712§z2)+1) k% (n2+1)2* A(Kpy ) ki%(n2 4+ 1)%Jn,
B (k242)*Jng ngmy  k3%(ng + 1)%Jp, k2 A(Kn,)

By performing row operations on det(xl,m,+2n, —

Do(Gi B G)) and solving the quotient matrix
of Da(gl H gg), we get Spec(Da(gl H gg) =
—(k2+2)%  —(k1 +king)®> -k G G G
ngml—l n1—1 ’I’Ll—l 1 1 1 ’
where the quotient matrix’s characteristic equation has
(1, (o, (3 as its roots. ]

B. R- Graph

Definition IIL.5. [3] The R-graph of G, denoted by Rg is
the graph obtained from G by adding a vertex u. and joining
ue to the end vertices of e for each e € Ejg.

Here, consider Ig to be the set of newly added vertices,
ie., Ig = Vg, \Vg. and let us consider G; and G, be two
vertex-disjoint graphs.

Definition IIL.6. [8] The R-vertex corona of G; and G,
denoted by G ©®Gs, is the graph obtained from vertex-disjoint
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Rg, and |Vg, | copies of G, by joining the i-th vertex of Vg,
to every vertex in the i-th copy of Ga.

Definition IIL7. [8] The R-edge corona of G; and G,
denoted by G; © Go, is the graph obtained from the vertex-
disjoint Rg, and |Ig, | copies of G, by joining the i-th vertex
of Ig, to every vertex in the i-th copy of Gs.

Definition IIL.8. [8] The R-vertex neighborhood corona of
G1 and G,, denoted by G; [[1 G, is the graph obtained from
vertex-disjoint Rg, and |Vg,| copies of Ga by joining the
neighbors of the ¢-th vertex of G; in Rg, to each vertex in
the i-th copy of Gs.

Definition IIL9. [8] The R-edge neighborhood corona
of G; and Gs, denoted by Gy H Go, is the graph obtained
from vertex-disjoint Rg, and |Ig,| copies of Gy by joining
neighbors of the i-th vertex of Ig, in Rg, to every vertex in
the i-th copy of G,.

Theorem IIL.5. Suppose that k-regular graph G has order
n and size m. Then D,&E(Rg) = 22 (k:%‘(n - 1)+ (m-—

D) ++/(k22(n — 1) + (m — 1))2 + 4k2>(m +n — 1)).

Proof: The general degree product matrix of the R-
graph is expressed as a block matrix as follows:

(2k)2*A(K,) (4k)’1Jn7m)
K,,)

(4k)* T 22A(
By performing row operations on det(zI4m —Da(Rg) and
solving quotient matrix of D,(Rg), we have the following

result noting that
-2 G G
m—1 1 1)’

2Ca—D(p2e(n — 1) 4+ (m — 1)) +
1))2 + 4k?>*(m +n —1). [ |

Pa(Re) = (

_(2k)2o¢

n—1

Spec(Da(Rg)) = (
where (¢1,(2) =
V= T)  (m =

Theorem IIL6. Suppose G and Go are ki, ko-regular
graphs with my,mo edges and ni,ns vertices. Then
Do (G10Ga) = 37y [Gil+(ka+1) (n1np—1)42% (my —
1) + <2k1 + ng)za(nl — 1),

where (1, (o, (3 are the roots of the polynomial of x3 — ((ko+
1)20‘(711112 — 1) +22a(m1 — 1) + (2]61 +7’L2)2a(7?,1 — 1))172 —
((n1n2 +mq — 1)22a(k2 + 1)2a + (n1n2 +ny — 1)(2]€1 +
n2)%% (ko +1)2*+(ny+mq1 —1)22%(2k; +n2)%*)z— (n1no+
ny+miq — 1)22a(k2 + 1)2a(2]€1 + n2)2a =0.

Proof: The general degree product matrix of R-vertex
corona of two graphs G; and Go be expressed as a block
matrix as follows:

Duo(G1 ©G2) =
(k2+1)2aA(K ) ((k2+1)u(2k1+n2)a (2a(k2+1)u
ning
ning,ny ning,mjp
ko+1)*(2k « 2% (2k &
(« 2+73 Ezlﬂjm) (2ki+n2) 2 A(Ky,) ¢ §n11:52)
(Lzlmilkij_hlz) 2a(2k1+n2)aJm1,n1 22&A(KMI)

By performing row operations on det(xIn,ny+n,+m,

Da(G1 ® Go)) and solving quotient matrix of
Da(G1 @ QQ we get Spec(Do(G1 © Go) =
—(ka + 1 =22 2k +m2)* G G (3
ning — 1 my — 1 ny — 1 1 1 1

where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. m

Theorem IIL7. Suppose G and Go are ki, ko-regular
graphs with mi,mo edges and ni,ns vertices. Then
Dol(G1 © Ga) = Yoy G| + (ko + 1)%(ngmy — 1) +
(2k1)%%(n1 — 1) + (2 + n2)**(ma — 1),

where (1, (a2, (3 are the roots of the polynomial of x3 — (k2
1)2“(n2m1 — 1) 220’14220‘( ny— 1)+ (2—|—n2)2"(m1 — 1))1‘2
((n2m1 +ny— 1)220‘]{1%0‘(]62 + 1)2O‘ (n2m1 +mqi — 1)(2
n2)** (k2 + 1)°* + (n1 +mq — 1)22°k2%(2 + n2)**)z
(n2m1 +ny+mq — 1)22ak%a(k2 + 1)2&(2 + ng)z(" =0.

LYY

Proof: The general degree product matrix of R-edge
corona of two graphs G; and Go be expressed as a block
matrix as follows:

D(x(gl S/ g2) ==
T eI Ly Ll A
(k) (k24D o) 2a g g, ((2k§°‘(12+n2)"‘
ny,ng a « « mny,mi
((24n3)* (k2+1) ((2k1)* (24 n2) (2412)2* A(K o))

Ty smyma Tmynq

By performing row operations on det(zln,m,+n,+m, —

Du(Gi © G2)) and solving quotient matrix of
Do(Gi © G2), we get Spec(Do(Gi © Go) =
—(ky +1)2 =222 (24 my)%* (G (G (s
ngml—l n1—1 ml—l 1 1 1)’

where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. -

Theorem IIL8. Suppose G and Go are ki, ko-regular
graphs with my,mo edges and ni,ne vertices. Then
DoE(G1 T Go) = S0 |G| + (ko + 2k1)%*(nyna — 1) +
k%a(2 + ng)Qa(nl — 1) + 220‘(112 + 1)20‘(m1 — 1),
where (1, (a2, (3 are the roots of the polynomial of x> — (ko +
2k1)20‘(n1n2 — 1) + k‘%a(Q + ’I’L2)2a(’l’L1 — 1) + 220‘(712 +
1)2a(m1 - 1))332 - (k%a(Q + n2>2(y<k‘2 + 2k1)2a(n1n2 +
ny — 1) + 22a(k‘2 + 2]{51)20‘(’@2 + 1)20‘(n1n2 + my — 1) +
22a1€%a(’ﬂ2 + 1)2&(2 +n2)2a(n1 +mq — 1))17 — 22ak%a(k2 +
2k1)2a(2 + ng)za(ng + 1)2a(n1n2 +ny +my — 1) =0.
Proof: The general degree product matrix of R-vertex

neighborhood corona of two graphs G; and G, be expressed
as a block matrix as follows:

Da(G1EHG2) =
(ka+2k1)2% A(Kp,ny) ((k1<k2:122,)7(121+n2))a ((2(”21331(;277:27“1))0‘
(kl(kQJﬁl.ciif:n2))a (k1 (2472))%® A(Kp, ) ((%l(nﬁ:l,),fl%m»a
((2(n2+1)(k2F2k1))*  ((2k1(n2+1)(24+n2))®

(2(n2+1))** A(Kom,y )

Jmy,ning Jmy,ng

By performing row operations on det(In,ny+n,+m; — Pa(G1 B G2))
and solving quotient matrix of D (G1[G2), we get Spec(Dq (G1H0G2) =

—(k2 +2k1)%*  —(k1(2+712))>"  —Q2n2+1)** & & G

n1n2—1 n1—1 m1—1 1 1 1
where the quotient matrix’s characteristic equation has (1,(2,(3 as its
roots. |

Theorem IIL.9. Suppose G and Go are ki, ko-regular

graphs with my, mo edges and ni,ns vertices. Then
Dol (G180a) = Y0, [Gil + (k2 +2)2* (ngmy — 1) + (2h +
k:lng)Qa(nl - 1) + 22a(m1 — 1),

where (1,(2,(3 are the roots of the polynomial of x> —
((kg + 2)20‘(m1n2 — 1) + k’%a(Q +n2)2’1 (Tll — 1) + 220‘(m1 —
1))3:27(k%”‘(2+n2)2a(k2+2)20‘(m1n2+n171)+22a(k2+
2)2%(myng +my — 1) +229k2%(2+n9)%%(ny +my — 1))z —
22ak%a(k2 + 2)2"‘(712 + 1)2‘X(m1n2 +ny +my — 1) =0.
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Proof: The general degree product matrix of R-edge
neighborhood corona of two graphs G; and G, be expressed
as a block matrix as follows:

Da(gl = g2) -

(k24+2)2* A(Kpnymy)
((k2+2)*(2k1+k1n2)*

((k2+2)* (2k1+k1n2)™

nomi,ny
(2k1+k1n2)2* A(Kn,)
2%(2k1+k1n2)% Imy ng

(2% (k242)”
nomy,mi
(2% (2k1+k1n2)®
JInqi,mq
22 A(Kmy )

ni,ngmi
2a(k2+2)a~]m,1 ,mgmq

By performing row operations on det(xln,m,+ni+m; —
Do (G1 B G2)) and solving quotient matrix of D, (G1 B G2),
we have the following result noting that Spec(D, (G1BG2) =
—(ko +2)%*  —(2ky + kin2)?* =22 G (G G
nomy — 1 ny — 1 my — 1 1 1 1
where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. ]

C. Middle graph

Definition II1.10. [6] The middle graph Mg of a graph G is
the graph in which the vertex set is Vg U Eg and two vertices
are adjacent if and only if either they are adjacent edges of
G or one is a vertex of G and the other is an edge incident
with it.

Motivated by the corona operations based on the R -graph
and duplicate graph, we define four new corona operations
based on the middle graph as follows.

Definition III.11. The middle vertex corona of G; and Go,
denoted by G ©G, is the graph obtained from vertex-disjoint
Mg, and |Vg, | copies of Gy by joining the i-th vertex of Vg,
to every vertex in the i-th copy of Go.

Definition III.12. The middle edge corona of G; and Go,
denoted by G; ©Go, is the graph obtained from vertex-disjoint
Mg, and |Ig,| copies of G2 by joining the i-th vertex of Ig,
to every vertex in the i-th copy of Gs.

Definition III.13. The middle vertex neighborhood corona
of G; and Gs, denoted by G; ® Ga, is the graph obtained
from vertex-disjoint Mg, and |V, | copies of G by joining
the neighbors of the i-th vertex of G; in Mg, to every vertex
in the ¢-th copy of Gs.

Definition II1.14. The middle edge neighborhood corona
of G; and Gs, denoted by Gy ® Go, is the graph obtained
from vertex-disjoint Mg, and |Ig,| copies of Gy by joining
neighbors of the i-th vertex of Ig, in Mg, to every vertex
in the ¢-th copy of Gs.

Note that, G and G> have ny, ng vertices and my, mo
edges respectively. Then, the graph Gy © Go has ny +mq +
ning, G1 © Ga has niy +mq +mine, G1 ® Ga contains nq +
m1 +ning, and G ® Gy includes ny +mq + ming vertices.
The graphs C3, Cy and M, are given in Figures The
middle vertex corona, middle edge corona, middle vertex
neighborhood corona and middle edge neighborhood corona
operations of C5 and C; have been depicted pictorially in

Figures [} 7

Figure 1: Cs

-

Figure 3: Mc,

.

Figure 4: Cy ® C}3

N

Figure 5: C4y © Cs

Figure 2: C4

Figure 7: Cy ® Cs

Theorem IIL.10. Let G be a k-regular graph of order n and
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size m. Then

D.E(Mg) = k** ((n —1)+2%*(m — 1)

+/((n—1)+22¢(m —1))2 + 2222 (n + m — 1)).

Proof: The middle graph’s general degree product ma-
trix can be represented as a block matrix in this way:

C(RPAK,) 27K T
Da(Mg) - <2ak2a€]m7n (Qk)ZaA(Km) :

By performing row operations on det(x 1, ., — Dy (Mg) and
solving quotient matrix of D, (Mg), we have

k2 —(2K)2 AL A
m-1 1 1)

Spec(Da(Mg)) = ((n —1)

where (A1, A2) = kj((n — 1) + 22%(m — 1) +
\/((n—l)+22a(m—1))2+22a+2(n+m—1)).

Hence, the proof follows. [ |
Next, we obtain the general degree product energy of G; ©

G2, 61 © G2, G1 ® G2 and G1 ® Gy, where Gy and G, are
regular graphs.

Theorem IIL.11. Suppose Gi and Gy are ki, ko-regular
graphs with mi, mo edges and ni,ne vertices. Then
Dal(G1©Ga) = Yoiy Gl + (ko + 1) (nang — 1) + (k1 +
n2)2 (ny — 1) + (2k1)22 (my — 1),

where (1, (a2, (3 are the roots of the polynomial of x> — ((ko+
1)20‘(7117?,2 —1)+(k51 —|—n2)2°‘(n1 —1)+(2k1)2"‘(m1 —1)) 2
((n1n2 +mq — 1)(2]{31)2&(]112 + 1)2a + (’I’Llng +nq — 1)(k1 +
Tbg)za(kg + 1)2a + (n1 +mq — 1)(2](71)2&(]61 -+ n2)2°‘)x —
(nlnz +ny+mq — 1)(2]€1)2a(k52 + 1)2a(k1 + nz)%‘ =0.

Proof: The general degree product matrix of the middle
vertex corona of two graphs G; and G» be expressed as a
block matrix as follows:

Do(G1 © G2) =
e e
((k2+1)*(k1+n2)® « ((2k1)" (k14n2)<
2Jn1,n1i2 ’ (k14n2)?* A(Kn, ) lJnl,r,,lb1 ’

((2k1)* (k1+n2)™

(2k1)® (k2 +1)* Ty iy ng T 1)

(2k1)** A(Kmy)

By performing row operations on det(xln,n,tn,+m; —

Do(Gi ® Gs)) and solving quotient matrix of
Do(Gi ® Ga), we have Spec(Do(G1 © Go) =
—(k2 + 1% —(2k1)**  —(k1 +n2)** G G C32

nlng—l m1—1 n1—1 1 1 1)’
where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. [ |

Theorem IIL.12. Suppose G and Gy are ki, ko-regular
graphs with my, mo edges and ny,ns vertices. Then
Do (G10Ga) = iy |Gil+(ka+1)2* (namy —1)+k3* (n1—
1) + (2k1 + n2)?*(mq — 1),

where (1, (o, (3 are the roots of the polynomial of x3 — ((ko+
1)20‘(n2m1 — 1) +k%o‘(n1 — 1) + (2](11 +n2)2a(m1 — 1))1‘2 —
((n2m1 +ny — ].)k%a(k'g + 1)2a + (ngml +mi — 1)(2]€1 —+
n2)%% (ko +1)2%+(ny+mq —1)k3%(2k1 +n2)%*) 2 — (namy +
ny+mq — 1)1{3%@(]62 + I)Qa(le + 77/2)2Ct =0.

Proof: The general degree product matrix of the middle
edge corona of two graphs G; and G, be expressed as a block
matrix as follows:

Da(gl © gQ) =

2k 2)¥ (ko+1)
(k2+1)20‘A(K"2m1) k?(k2+1>aJ"2ml’"1 (B na) " (koD
it
5 (k 1+n2
kS (k2 +1)%Jn) mgmy k1% A(Kny) 1J7L1,77l1)

((2k1+n2)* (k2+1)*

kY (2k1+no) J,
Ty mgmy 1 (2k14n2)% Jmg g

(2k1+n2)2% A(Km,)

By performing row operations on det(xl,,m,+n,+m, —

Do.(G1 © G2)) and solving quotient matrix of
D.(G1 © Ga), we have Spec(Dy(Gr © Go) =
—(ke + 1% =k —(2k1+n2)* G G G
n2m1—1 'le—]. m1—1 1 1 1 ’
where the quotient matrix’s characteristic equation has
(1, (o, (3 as its roots. [ |

Theorem IIL.13. Suppose Gi and Go are ki, ko-regular
graphs with mi,mo edges and ni,ns vertices. Then
DoE(G1 ® Ga) = Z?:l G| + (k1 + k2)?*(nine — 1) +
k3 (ny — 1) + (2(k1 + n2))?*(my — 1),

where (1, (a2, (3 are the roots of the polynomial of x> — ((k1 +
k2)2°‘(n1n2 — 1) + k%“(nl — 1) + (2(/€1 + 7’L2))2(¥(m1 —
1))$2—((]€1(k‘l-‘rkg))Qa(’l’LlTLQ—f—nl—1)+(/€1+k‘2)2a(2(1€1+
ng))2°‘(n1n2+m1—1)+(2k1(k:1 —|—n2))20‘(n1 +m1—1))x—
(le(kl + kz)(kl + ng))m(nlng +ny+myp — 1) =0.

Proof: The general degree product matrix of the middle
vertex neighborhood corona of two graphs G; and G- be
expressed as a block matrix as follows:

Duo(G1 ® G2) =

(k14k2)2* A(Knyny)
(k1(k1+k2))Y Iny nyng
((2(k1+k2)(k1+n2))™

my,ning

((k1(k1+k2))™ ((2(k1+k2)(k1+n2))
ning,ny ni m

k3YA(Kn,) (2k1(k1+"225)(’;1J”'1vm’1
((2k1 (k1+n2)) (2(k14+12))2 A(Km, )

my,ng

By performing row operations on det(zl,ny+n,+ms —

Do(G1 ® Go)) and solving quotient matrix of
Do(G1 ® Gi), we have Spec(Do(Gi ® Go) =
(k1 +k2)** —k3* =2k +12))* G G G

n1n2—1 n1—1 m1—1 1 1 1
where the quotient matrix’s characteristic equation has
(1, (2, (3 as its roots. ]

Theorem IIL.14. Suppose G, and Go are ki, ko-regular
graphs with my,mo edges and ni,ns vertices. Then
Dal(Gr ® Go) = 30y |Gl + (ks + 2k1)%* (ngma — 1) +
(/451 + k‘lng)Qa(’fh — 1) + (2k51)2°‘(m1 — 1),
where (1, (a2, (3 are the roots of the polynomial of x3 — ((ko+
2k1)2a(m1n2 — 1) + (/Cl + klng)za(nl — 1) + (2k1)20‘(m1 -
1)2? —((k1(14+n2) (ko +2k1))2* (ming+ny —1)+(2k1 (ko +
2]{?1))20‘ (mlng +mq— 1) + (2]{?% (712 + 1))2a (n1 +mq— 1)).’17—
(Qk‘%(kg + 2]411)(’”2 + 1))2“(m1n2 +ny+mp — 1) =0.
Proof: The general degree product matrix of the middle

edge neighborhood corona of two graphs G; and G be
expressed as a block matrix as follows:

Da (gl ® g2) =

(kg+2k1)2% A(Knymy)
((k1(kg+2k1)(14n) ™

((k1 (kg +2k1)(14n2))™
Tngmy,my

(k1 (14n2))2* A(Knq)

((2kq (ko +2k1))™
Tnomy,my
(2K (14n))

ny ngm Tnymy)
((2k1 (k2 12k1)®) o 20
Ty ) (K3 (14no)Imy ny (2k1)2A(Kmy)

By performing row operations on det(zln,m,+ni+m, —
Do(Gi ® Gz)) and solving quotient matrix of
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Do(Gr ® Gz), we have Spec(Do(G1 ® Ga) =

(—(/c24-21<:1)2‘1 —(k1(1+n2))**  —(2k1)%** G & G
nami — 1 ny —1 my — 1 1 1 1)”

where the quotient matrix’s characteristic equation has

(1, (2, (3 as its roots. ]

IV. CONCLUSION

In this article, the general degree product energy of a new
family of graphs from an existing base graph such as the
duplication graph, R-graph, and middle graph are discussed.
One can try to obtain the general degree product energy of a
new family of graphs by taking the base graph as the central
graph.
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